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circulators are proposed. Some of the problems of actual
implementations are discussed.
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Abstract— The feasibility of using surface magnetoplasmons on semi-
conducting substrates to obtain circuit functions which match those of
ferrite loaded devices at lower frequencies, is investigated. This article
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describes some initial results obtained in our study of performance char-
acteristics using the best loss parameters available for GaAs materials.
Canonical models are considered which relate directly to proposed config-
urations for differential phase shifters and isolators in the millimeter and
near-millimeter ranges. '

I. INTRODUCTION

N INVESTIGATION is presented on the feasibility
of using the properties of surface magnetoplasmons
on semiconducting substrates as a basis for developing
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planar integrated nonreciprocal devices such as isolators,
phase shifters, switches, directional couplers, and circula-
tors, in the millimeter and near-millimeter wave ranges.

A high quality, moderately doped n-type GaAs material
has been taken as the substrate, with a carrier concentra-
tion (n=10" cm™3) equivalent to a plasma frequency
w, =10" rad/s. At liquid nitrogen temperatures, mobilities
of the order of 2X10° cm?/V-s can be obtained. This is
equivalent to a momentum relaxation time of r=8X
10 725, Losses in the semiconductor will then be modeled
by this parameter, since at these low temperatures the
effects of lattice vibrations can be neglected.

For the range of frequencies of interest to us, the interac-
tion of the material with the applied electromagnetic field
is well described by the local theory of plasmas (Drude
model) [1]-[3]. Considering the semiconductor as a dielec-
tric medium which becomes anisotropic upon exposure to a
uniform dc magnetic field, the isotropic case will then be a
simplification of this general situation.

The semiconducting material is characterized by a per-
mittivity tensor €(w). Use of the local theory implies the
following assumptions [4]:

a) the dielectric tensor at a given point in the medium is
independent of the proximity to the surface;

b) the wave-vector dependence of the dielectric tensor is
neglected;

¢) any interaction with optical phonons is neglected.

The first two assumptions can be made because the
wavelengths of interest will be much larger than the lattice
spacing and the carrier mean free path. This third assump-
tion is reasonable for frequencies much less than the trans-
verse optical phonon frequency. The contribution to the
dielectric tensor elements from the lattice is then reduced
to €@, the static dielectric constant of the material.

In addition to these assumptions and consistent with
Drude’s theory, a collision frequency »=1 /7 is included in
the expression of the dielectric tensor, which models the
losses in the semiconducting material.

For a biasing magnetic field in the y-direction, the
dielectric tensor takes the following form:

§ 0 —jn
e(w)={0 ¢ 0 (1)
jn 0 &
where
_ o 9le=7) )
= o[ (0= —a?] ®
_ ——ijc
" a0y )
2
S @

and w, is the cyclotron frequency w,=eB, /m*.
Note that in the isotropic case w,=0 and the tensor
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Fig. 1. (a) Single dielectric-semiconductor interface structure. (b) Semi-
conducting slab sided by dielectric,

elements reduce to
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(5)

7=0.

Results of theoretical and experimental research on
surface plasmons and magnetoplasmons have been exten-
sively reported in the literature, particularly in connection
with a single dielectric—plasma interface [4]-[16].
Economou [5] has considered also other simple structures
for the isotropic case such as a slab of plasma placed in
vacuum or an air gap in a plasma (see also [17] and [18]).

May et al. [19]-{23] have reported the design and con-
struction of Faraday rotation isolators and circulators and
reflection beam isolators for the millimeter and far-infrared
wave ranges using magnetoplasmons in semiconductors.

In the present work, two basic geometries are studied
(see Fig. 1)—A dielectric—semiconductor single interface
and an infinite semiconducting slab sided by dielectric
materials of equal or different permittivities.

Since results congerning the isotropic case have been
presented elsewhere [24], we restrict our consideration to
the anisotropic case. Furthermore, only the situation in
which the biasing magnetic field is parallel to the interface
and normal to the direction of propagation is studied. This
case has been shown [4], [6]-[11] to give a dispersion
(w—pB) diagram which is nonreciprocal with respect to the
direction of propagation, thus offering possibilities for
design of devices. This same idea was previously pursued
for ferrite devices [25]-[27].

In most of the work reported in the literature, however,
materials are used that have plasma frequencies much
higher than those of interest to us. Furthermore, the range
of frequencies relative to both the plasma frequency w, and
the cyclotron frequency w, is often not the same as that of
interest here. Therefore, we present our own results for the
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case of a single dielectric—plasma interface with w, =10"
rad /s and w,=10'? rad /s, equivalent to a magnetic field
of 3810 G. These values have been used throughout this
study. It should be noted that ws>1. This is a condition
for an effective interaction between the material and the

electromagnetic field.

II. THE SEMI-INFINITE STRUCTURE

In this analysis the semiconducting material is first as-
sumed to be lossless (v=0). The effects of collisions will be
considered in the next section.

Making use of expressions (1) through (4), we solve
Maxwell’s equations for the geometry of Fig. 1{a) where we
assume that a uniform dc magnetic field B, is applied in
the y-direction. With no variations of the fields in this
direction, the only solution that allows for transverse con-
finement in the vicinity of the interface is a TM mode
(components H,, E,, E,). The transverse behavior of the
fields is to be descnbed by e¥1* and e ~%2* in the dielectric
and semiconductor sides, respectively, with

Re[k,]>0  Re[k,]>0. (6)

The dispersion relation obtained from matching the
boundary conditions at the interface is

k,+jyn/é+ke, /e, =0 (7)

with
K==y ke, )
k3=—v*—kie () ©)
and
y=a+jB (complex propagation constant)
k2 =t (10)
2_.2
c0)= 1

(w2 —wwc—wg/e(o))(wz +wwc—'w§/c(0)> .

—©
wz(wz —w? ng/ew))

(11)
The following notation has been used:

a attenuation constant;
B phase constant;

€, permittivity of vacuum;

©, permeability of vacuum;

¢, relative dielectric constant of dielectric half space;

€, effective dielectric constant of the semiconducting

e

medium.

(Note: A propagation factor ¢/“7Y has been assumed
throughout).

The expression for the effective dielectric constant of the
semiconducting half-space given above corresponds to the
lossless case. Fig. 2 shows a plot of €, as a function of
frequency. We see that €, <0 for 0<w<wf" and &, <w<
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Fig. 2. Effective dielectric constant for anisotropic n-GaAs with applied
uniform dc magnetic field perpendicular to the propagation direction.
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terface. The semiconductor is assumed to be lossless

w§. Nonradiating modes are expected to occur in and near
these bands. The critical frequencies w{", «{’, and w,, are
readily obtained from (11)

2

w
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Fig. 3 presents a typical dispersion diagram of a dielec-
tric—semiconductor interface wave for the lossless case
(»=0). The shaded areas on the diagram corresponding to
k3 <0 are clearly delimited. No surface wave modes can
exist within them.

We see that for w; <<w<\w; we have only the existence of
a forward mode. This suggests the possibility of using this
mode for the design of components such as isolators and
even circulators, subject to the premise that, when losses
and a more realistic geometry are considered, the attenua-

1,2

(12)

Wy

and
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Fig. 4. Critical frequencies w; to ws as a function of the dielectric
constant €, for the dielectric—anisotropic n-GaAs case (Fig. 3).

tion constant throughout this band can be made small
enough.

It is to be noted that the critical frequency w,, is only a
function of the semiconducting material parameters as are
the curves given by k,=0. However, the other critical
frequencies, w, to wg, are functions of the relative permit-
tivity of the dielectric half-space (x<<0). We can solve for
all the critical frequencies explicitly in terms of w,, w,, €®
and ¢; except ws and w, which are the roots of a quartic in
w?.

The bandwidths of the four branches have been ex-
amined as a function of the various parameters. A plot of
the critical frequencies as functions of €, the relative
permittivity of the dielectric half-space, is shown in Fig. 4,
where the labels BY, B% are used for the upper and lower
branches of the forward propagation modes, respectively.
Similarly, the reverse modes are labeled BY and BL.

We see from Fig. 4 that for isolation and circulation—
with suppression of unwanted modes—modest dielectric
loading is indicated. This would reduce the bandwidths of
BY and BX, extinguish BY and give maximum bandwidth
to B% by achieving considerable separation between w, and
we =w,,. We may attain wy =2w;.

Also, as we increase €, and have BY vanish, at the same
time BY is restricted to a small region close to the light line
at the lower end of the band and close to the k, =0 curve
at the upper end. At the lower end of the band then the
mode extends considerably into the dielectric region while
at the upper end the transverse field distribution is almost
constant in the semiconducting half-space.

Similarly, the lower branches will be close to the light
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line for a considerable part of the band as we increase the
dielectric loading, with the attendent spreading of the field
into the dielectric region.

III. THE SLAB

A geometry that offers a better model for practical
applications is a thin film of semiconducting material sided
by dielectric.

If the semiconducting region is thin enough, important
modifications to the results studied in the last section will
take place. First, when the effects of losses in the semicon-
ductor are considered, we expect the attenuation constants
of the different modes to be greatly reduced, in contrast
with the semi-infinite structure, as less electromagnetic
energy travels inside the thin plasma region. Second, if the
slab is thin enough, there will be a strong coupling between
the interface waves that propagate on both surfaces of the
slab. This feature is most significant when the semicon-
ducting medium is made anisotropic, as is here the case.

The geometry to be studied is given in Fig. 1(b), where a
uniform dc magnetic field B, is applied in the y-direction.
For the fields to be confined to the vicinity of the slab their
transverse behavior in regions 1 and 3 must be given by
e’1* and e ~%*, respectively, with

Re[k,]>0  Re[k;]>0.
Inside the slab the fields have the general form
Ae*2* + Be "%,

(14)

(15)

The dispersion relation for this guiding system is

o~ 2kaW _ (k, +jY77/§+k2€e/€1)(k2 —jyn/§+kse, /€5)
(ko —jyn/E—kie, /)y +jvn/E—kse, /¢5)

=0 (16)

where
ki =—v>—kie, (17)

W is the slab width and the other parameters have been
defined previously.

We first study the case of symmetric loading, i.e., when
€, —¢€5. Fig. 5 shows typical results for a slab placed in
vacuum. Because of the geometric symmetry of the struc-
ture so also is the w-—f diagram symmetric about the
frequency axis.

At first we will not consider the slab to be lossy. The
effects of taking a finite collision frequency » will be
considered later on in this section.

We must first take notice of the fact that k2 can be either
greater or less than zero, which gives hyperbolic or trigono-
metric transverse field distributions in the slab, respec-
tively. The regions of k3>0 and k3 <O are clearly de-
limited in the w— B diagram of Fig. 5.

Comparing Figs. 3 and 5, those modes that in the single
interface case terminated on the k, =0 curves, now no
longer do so; rather, they make a smooth transition from a
hyperbolic to a trigonometric field distribution. The
primary effect of this is that the bandwidth of the upper
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Fig. 5. Dispersion diagram for the symmetrically loaded anisotropic
n-GaAs slab. The semiconductor is assumed to be lossless.

branch mode (branch D) is now extended without limit
and ultimately becomes asymptotic te the light line for the

semiconductor, i.e., kaO\/e(_O) . The lower branch (branch
S'), which previously was quenched now becomes asymp-
totic to the frequency w,,.

Branches E and A4 remain the same. The only additional
modes found are the “volume” modes in the region where
k2 is negative and where the effective permittivity is large
and positive. These modes show trigonometric behavior,
have little or no field displacement and their energy is
dominantly concentrated within the semiconducting slab.
It is clear then that when we introduce material losses these
modes will be heavily attenuated since they occur near the
frequency where we will have the material resonance.

For branches 4, S, D, and E we find a field displace-
ment effect, particularly in the areas where k3 >0. This can
be seen in Fig. 5 where the transverse behavior of the
magnetic field component is plotted for several points of
the w—fB diagram. We find that for the forward propaga-
tion direction the field adheres to the face at x=0 for
branches S and E, while for branches 4 and D it clings to
the face at x=W. For the opposite direction of propaga-
tion the displacement is reversed.

If the semiconducting slab is thought of as being in-
finitely wide, the propagation characteristics of the fields in
a given direction would be that of two single interfaces
supporting surface waves of opposite propagation direc-
tions. That is, the dispersion diagram obtained would be
that of a single interface whose 8<0 half-plane has been
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folded over to the §>>0 side (see Figs. 3 and 6). This w— 8
diagram is modified to that of Fig. 5 when the width of the
slab is reduced and we obtain coupling between the fields
that cling to each surface. Notice that, inside the semicon-
ductor the fields decay exponentially and that the rate of
decay is now small compared to the width of the slab.

As branches S and 4 (Fig. 5) tend to the light line for
lower values of w we see from the field structure that they
approach symmetric and antisymmetric modes for the iso-
tropic limit case, respectively [24]. The upper branches
behave differently. Branch F has essentially a surface mode
structure with dominant electric field strength (i.e., it is a
quasi-electrostatic mode). On the other hand, branch D
also has the structure of a surface mode at the low end of
the band but gradually, as frequency increases, the fields
are distributed more uniformly throughout the semicon-
ducting medium. This mode is thus very similar to the
dynamic mode found for the case of ferrites [25]-[27].

We have thus justified the labeling of the four surface
modes found with the letters S (symmetric), 4 (antisym-
metric), £ (electrostatic), and D (dynamic).

We consider next the case of loading the sides of the
semiconductor slab with two different dielectrics. Since the
slab must be supported by some kind of substrate, the case
€,>1, €5 =1 would be nearest to a practical structure which
could model differential phase shifters and possibly circu-
lators.

A sample result is presented in Fig. 7 for the configura-
tion shown in the insert. We study here the lossy case with
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7=1/r=8X10""2 5 and, therefore, the propagation con-
stant will now be complex, i.e., y=a+jB.

The dashed lines in Fig. 7 correspond to the GaAs—
dielectric (¢, =4) and GaAs—vacuum (e; = 1) single inter-
face cases, respectively (see Fig. 3).

As before, the wave propagation in the GaAs slab can be
viewed as the interaction between the surface waves sup-
ported by the two interfaces. Indeed, for a thicker semicon-
ducting slab, branches 4 and S move closer to the single
interface modes. In the forward propagation direction, the
fields corresponding to modes 4 and S, which at suffi-
ciently low frequencies adhere to opposite interfaces, expe-
rience, as frequency increases, a transition in which the
field energy is redistributed to the opposite interface.
Accordingly, we sce that when the transition is completed,
branches 4 and S approach the single interface modes
corresponding to the slab face to which the fields now
cling.

In the short frequency range over which this transition
occurs, the attenuation constants of both modes 4 and S
increase considerably as more energy travels inside the
GaAs slab, the only source of losses.

For the reverse propagation (Fig. 7(b)) we see that only
branch A4 exists. This is confirmed by the GaAs-vacuum
interface dispersion curve, which exists entirely between
the light lines in region 1 (¢, =4) and vacuum. It must be
stressed here that Maxwell’s equations do not allow for
bounded modes to exist in this region of the w—f plane.
However, branch S is a bounded mode due to the effect of
losses in the GaAs slab, with fields extending far into the
high dielectric region, away from the slab.

The poor confinement of the fields to the vicinity of the
semiconducting slab is the primary disadvantage to the use
of branch § for practical purposes. On the other hand, it
exhibits a lower attenuation constant than the other modes
found (0.56 dB/mm, at 330 GHz, or less) and is unidirec-
tional. Hence, this mode is particularly attractive for the
design of isolators and directional couplers.

Branch A, in turn, offers possibilities for differential
phase shifter design (A¢=300° /mm at 285 GHz) provided
branch S is suppressed and ways can be found of reducing
the high attenuation constant which branch A4 exhibits.
This can be done either by improving the quality of the
material or by modifying the configuration so as to guide
more of the energy outside the GaAs slab.

Branch D, for both directions of propagation, exists
almost entirely within the region Re[k3]<0 which corre-
sponds to a trigonometric distribution of the fields within
the siab. Hence, due to the semiconductor losses, this mode
is highly attenuated.

Branch E is also highly attenuated and is not included in
Fig. 7.

A new geometry, now under consideration, is aimed at
improving the performance of branches 4 and S for model-
ing phase shifters and isolators, respectively. It consists of-
a dielectric slab parallel to the semiconducting slab and
placed at a certain distance from it. The structure parame-
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ters may then be varied so as to be able to control the
fraction of energy which is carried external to the semicon-
ducting slab, as well as the amount of dielectric loading on
one side of the GaAs slab.

The results of a study of such a five-region canonical
structure will be reported on in a future paper.

IV. CONCLUSION

The surface waveguiding properties of anisotropic semi-
conducting plasma have been studied and the performance
of millimeter and near-millimeter nonreciprocal devices
explored. A moderately doped polar semiconductor of high
material quality (w, =10 rad/s, 7=8X10"'? 5) such as
n-GaAs is used as the solid state plasma medium.

Two basic geometries have been considered: a single
semiconductor—dielectric interface and a semiconducting
slab sided by dielectric. The different propagation modes
existing in such structures and the corresponding field
configurations and their properties were investigated. For
the case of the semiconducting slab, the field displacement
effect, already observed in ferrites, was found to occur for
four of the propagation modes. The utility of some of these
modes for design of isolators, circulators, phase shifters,
and directional couplers was considered.

Special attention has been given to the anisotropic semi-
conducting slab sided by vacuum and dielectric. This
geometry more closely models a practical structure where
the guiding structure must be supported or contained by a
substrate.

A more complicated five-region canonical structure is
being investigated and will be reported on shortly.
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A Hybrid Method for Paraxial Beam
Propagation in Multimode Optlcal
Waveguldes

DAVID C. CHANG, SENIOR MEMBER, IEEE, AND EDWARD F. KUESTER, MEMBER, 1IEEE

Abstract— A hybrid (nonray, noninodal) method for computing the fields
of a paraxial beam propagating in a multimode waveguide (parallel-plate or
dielectric slab) at large axial distances is presented. The method is based
on the Fourier and Fresnel self-imaging properties of these waveguides,
and is capable of high accuracy. The method is much more efficient than
ray or mode approaches, while giving complete field information which
coupled-power equations do not provide.

I. INTRODUCTION

ULTIMODE optical fibers appear at present to be

the most common optical waveguiding medium for
applications in the immediate future. Incoherent sources
and relatively simple detectors can be used, and the toler-
ance problems encountered with single-mode fibers are far
less severe with such waveguides.

At present, there are essentially three methods available
for field computation in multimode waveguides. First, one
can take a pure modal approach— the excitation amplitude
of each mode is computed, and all modes are summed
together. Although in principle exact, this approach suffers
not only from the large number of modes which must be

Manuscript received December 12, 1980; revised April 10, 1981. This
work was supported by Army Research Office (ARO) under Grant
DAAG 29-G-0173, monitored by Dr. J. Mink,

The authors are with the Electromagnetics Laboratory, Department of
Blectrical Engineering, University of Colorado, Boulder, CO 80309.

kept track of (100~ 1000 for a typical fiber; 30~ 100 for a
slab geometry) but also from a large degree of cancellation
of terms in the mode sum when the field does not match
that of an individual mode. Examples of the application of
this method may be found in [1]. Although in some special
cases approximate closed-form results are available, a com-
puter analysis is generally required, and roundoff errors
can be expected to accumulate, especially for large propa-
gation distances.

‘A second approach is that of geometrical optics (some-
times encountered as the WKB method). An excellent
discussion of this approach has been given by Gloge and
Marcatili [2] (see also [3]). Here one approximates the
effect of a-large number of discrete propagating modes by
a continuously distributed propagation constant belonging
to a “continuous spectrum” of modes. These, when com-
puted under the WKB approximation, can be interpreted
as a cone of rays lying within some characteristic accep-
tance angle of the fiber. The propagation problem then
reduces to that of defermining the amplitude with which
each ray is excited, and tracing it down the length of the
guide. Intuitively more suitable for multimode guides be-
cause of the “high-frequency” nature of the problem, this
approach is nonetheless approximate by virtue of the geo-
metncal optlcs techmque Moreover in a situation where
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